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Abstract. In this note concerning integrals involving the logarithm of the 
Riemann Zeta function, we extend some treatments given in previous pio- 
neering works on the subject and introduce a more general set of Lorentz 
measures. We first obtain two new equivalent formulations of the Riemann 
Hypothesis (RH). Then with a special choice of the measure we formulate the 
RH as a "hidden symmetry", a global symmetry which connects the region 
outside the critical strip with that inside the critical strip. The Zeta function 
with all the primes appears as argument of the Zeta function in the critical 
strip. We then illustrate the treatment by a simple numerical experiment. The 
representation we obtain go a little more in the direction to believe that RH 
may eventually be true. 



1. Some integrals involving the Zeta function 

We start with some integrals involving the absolute values of the logarithm of 
the Zeta function. As far as we know, the first work in this direction is due to 
Wang, who discovered a RH criterium involving these integrals [1]. More recent 
pioneering works are due to Volchkov [2] who found an integral relation on the 
complex plane with two variables equivalent to the Riemann Hypothesis (RH). 
Later Balazard, Saias and Yor [3], established another equivalence to the RH by 
an integral involving only one variable i.e. by integration on the critical line. In a 
subsequent treatment by one of us the analytical computations were extended to 
every line perpendicular to the x axis to obtain an equivalence to the RH involving 
explicitly 9\(s) = p, with the appearance of a shift along the real axis of exactly | 



In the present note we first extend some of the above mentioned treatments by 
introducing a more general Lorentz measure which we are free to normalize in order 
to obtain more simple formulas i.e.: 



so that C = es -. 
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Then following the same calculation as in [4], we may establish the following 
starting formula (equivalent to the RH, too) which reads: 



(1.1) V = * [ MfetMfl = l n (C(P + Po)(P + PQ-l) 

IT J P0 2 +t 2 \ 1-P+P0 



where p > \ and po is supposed to be a positive function of p in particular an 
absolute value. We remark, (1.1) has been calculated supposing RH is true and 
moreover it is equivalent to RH. (1.1) contains a shift of amount po and is more 
rich then the previous established formulas since many choices of the function po 
are possible and a special choice of it may be more convenient for the calculations. 
Then since (see for example [5]): 

oo 

? |M^±M, = hl(|w| + w) 

— OO 

we have 

oo 

/ x Po f ln(\C(p + it) (\1 - p\ + it)\) , , 

(1.2) = ~ TT - 2 ^dt = In C P + Po P + Po-1 

7T J PO + t 

— oo 

For the special choice p + po = 1, in the critical strip (|<p<l)we then obtain 
ipi = 0. Indeed, this statement holds also for p = \ when it is nothing else than 

the Balazard-Saias-Yor equality J If^l^j^L^lD ^ — q [3] Qn the other hand: 



00 



d 1 „ Po A ln(|C(p + »t)(|l-p|+^)|) C'(p + Po) , 
"^1 = — (^i-2p — / ; — - ; 2 dt = 77 — i — + - 



dpo Po 7T 7 (po 2 + t 2 ) 2 C(p + Po) p + po-l 

— 00 

and we define now: 



00 



(1.3) ^ = * [ i mp±m^p[±m dt 

* J (po 2 + i 2 ) 2 

—00 

We now make a more specific choice and set p = | + a and p + p a = 1 in the 
critical strip, thus po = \ — a (0 < a < | in the critical strip). Outside the critical 
strip we may choose p — a — |, with a > |. (^1 and y> 2 written below as a function 
of a constitute the first Theorem of this note. 



Theorem 1.1. 



. '\ 1 H\C(k + a + it )(\-h + a \ + it )\) M . 

V 3 ! = / ro dt 



(1.4) 
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, < a < I 

In(C(2a) (2a - 1)) , a > | 
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(1.5) 
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ln(|C(| +a + it) +a\ +it)\) 



1 ( C(2oc) , 1 \ , ln(C(2a)(2a-l)) 1 

2a-l ^C(2a) + 2a-lJ + 2(a-i) 2 ' " > 2 



>(<*-ir 

where 7 is i/ie Euler-Mascheroni constant. 

The above formulas are equivalent to the RH. With the choice we have consid- 
ered, (pi and tf2 both diverge at a = | i.e. at the right border of the critical strip. 
We note that ipi may be seen as a potential. 

Numerical computations concerning (1.4) and (1.5) of Theorem 1.1 may be done 
and presented as an illustration but from the known numerical results on the zeros, 
the two functions are exact up to 1CP 20 in the critical strip and exact outside the 
critical strip. So we omit here a numerical computation which will be presented 
below for another case concerning the "hidden symmetry" which we now introduce. 

Remark 1.2. From (1.1) it is easily seen that another simple choices of pg gi ye 
rise to a potential ip of (1.1) without any divergence. We simply mention the case 
Po{p) = P where (1.1) gives: 



00 



ln(K(p + i*)l) M _ J ln(C(2p)(2p-l)) , \<p<l 



V ~ - 1 p 2 + ti dt ~\ ln(C(2p)) , p>\ 

—00 

We then continue to establish another theorem which on the RH expresses a kind 
of "hidden symmetry". To do this it is more convenient to consider the potential ip 
above instead of ip\. ip is in fact a function of a which is not injective and we may 
ask for what (a, a') the potential is the same that is ip(a) = (fi(a'). 

2. A "hidden symmetry" 

We reconsider (1.1) and set (in the critical strip as before) p = \ + a and 
/7 = \ — a, < a. < \. Then from (1.1) we have for < a < |: 

(2.1) ^) = ln (r^ 

A very simple formula for the potential inside the critical strip. For the potential 
outside (1.1) gives: 

(2.2) ¥? (a')=ln(C(p + Po))=ln(C(2a')) 

where we have set p + po = 2a' , a' > |. 

We now observe that <p(a) of (2.1) is increasing with a while tp(a') from (2.2) is 
decreasing with a'. Thus ip is not injective in the interval [|,oo[; this suggest the 
following definition. 

Definition 2.1. The "hidden symmetry" is defined by the solution (a, a') of the 
equation: 

(2-3) <p(a) = In (j^) = <p(at) = ln(C(2a')) 
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where we write for the unique solution a' = g(a). 

We are still free to define for any < a < | the map: 



a 



2g(a) + a - - = p(a) 



and thus po(a) = \ — a outside the critical strip, so that 2a! = p + po = 2g(a). 
Moreover: 

(2.4) a=\ 
We may also write: 



C(2a')) 2 I 1 n 

\ p prime 




(2.5) 



a= - 1 - 



C(2a') 



n 2a' 



where p{n) is the the Mobius function of argument n. 
Returning to (1.1) we have that: 

2p 7 H\((P + ti)\) 
Po 2 + 1 2 



dt 



with the variable change z 



— 2«arctan( — ) 
i.e. Z = e y "0 ' 



p Q p + it which maps the line po + it in the unit circle 
we obtain: 



e- 2iS , where ^8 = —jtt , 



dl 



PO 



(p(a) 



it/2 

2 - J H\((p + i 



ip t&nd)\)dd 



(2.6) 



o 

7T/2 



In 



a tan ( 



dO 



inside the critical strip. Outside the critical strip, using the choice written above 
we obtain: 

t/2 



<^(a') = ^ / lndC^ + ipotan^l)^ 



(2.7) 



o 

tt/2 



In 



C(2a' + a--+i 



a ) tan 9) 



dO 



where a, a' are related by (2.4). 

Thus the integral along the vertical line of abscissa 2a' +a— \ is the same as along 
the vertical line of abscissa a + | as long as 1 ^ 2a = Cfia') if RH is true and vice 
versa. We may now formulate the second Theorem expressing such an equivalence. 
Notice that in the above formulas the Lorentz measure is now disappeared and the 
"hidden symmetry" appears as a global axial symmetry i.e. which is not pointwise 
but which is related to an important arithmetical function given by (2.4) above. 
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Theorem 2.2. The RH is equivalent to the existence of a "hidden symmetry" gi 
by: 

<P((x) = <p(a') 

where 



^H 1 C(2 
or written in another way: 



\ p prime x / 



2 V C(2a') / 2 



n=l 



Moreover 



In (2.6) and (2.7), the Zeta function appears itself, through a and a' or only a, 
as argument of the Zeta function of complex argument, by means of the primes. It 
may be added that a part the scaling factor \ — a on the vertical line (the same 
outside as well as inside the critical strip) the "hidden symmetry" says that for 
any < a < g, the potential of a test charged vertical filament placed inside the 
critical strip at the position x = | + a is the same as that of the filament placed 
outside the critical strip at the position x = 2a' + a — \ , where a, a' are related by 
(2.4). To the best of our knowledge, the formulation given by Theorem 2.2, even if 
equivalent to the RH, is new. It has an electrostatic interpretation and go more in 
the direction to believe that the RH my be true. 

As an illustration of the kind of convergence in the numerical treatment, we treat 
a special case below and add the plots of the two corresponding periodic functions 
for a special value of a. 

3. Numerical experiment as an illustration of convergence 

We now perform a numerical experiment and consider the case where Q(2a!) = 
e = 2.71828. Then up to some decimals we find that 2a' = 1.47446 and so a = 
2 (1 — \). So for this special choice of a, the values of the potential <p are the same at 
p=a+| = l- ^ = 0.81606 (in the critical strip) and at p = 2a' + a+ \ = 1.29052 
(outside the critical strip). We first give the plots of the two functions to integrate 
in (2.6) and (2.7) as a function of 9 (up to 6 — 2ir), to show the periodicity. 

Integration of the two functions from to 0.999| = 1.56923 gives for the first 
the value 0.999995 and for the second the value 0.999997. We know the last value 
should converge unconditionally to ln(£(2a')) — ln(e) — 1. This illustrate the kind 
of convergence involved. Notice that in both cases the "height" of integration is 
given by (^ — a) tan 6* = 117.1, which corresponds to consider the first 37 non 
trivial zeros of the Zeta function. 

Finally, we present the plot of the potentials <p(a) = ln( 1 _ 2 ) and (p(a') = 
ln(£(2a')) which illustrate the divergence at the right border of the critical strip 
(a = a' = \). We may also consider the "electrical field" inside and outside the 
critical strip which we define here as: 

(3.1) E ia) = -„(«) = | ^ , e> j ' 
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Figure 1. The two functions to integrate: the function in (2.6) 
[blue] and in (2.7) [red] 




'123 



Figure 2. Plot of the two functions in the interval [0,0.999§] 



Figure 3 summarizes the example we presented. 

Notice that a slightly different definition of the electrical field i.e. if defined as 
the gradient of the potential cp with respect to the position p (keeping p constant) 
gives the following: 



(3.2) 



I C(p+Po 

Moreover with our choice we obtain: 

C'(2a) 
C(2a) 



< a < \ 
a > 1 



E(a) 



< a < \ 



4. Conclusions 



In this work we have first extended some integral formulas for the logarithm of 
the Zeta function by means of more general Lorentz measures and obtained two 
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Figure 3. The potentials equal to 1 for a = 0.31606 and a = 
0.737232 where the slopes of the two tangent straight lines are given 
by the magnitude of the corresponding "electrical field" defined by 
(3.1) 



new relations equivalent to the RH. Then we have introduced a kind of "hidden 
symmetry" which relates the integrals between two values of the abscissa, one in- 
side the other outside the critical strip. A simple numerical experiment has been 
presented as illustration of the kind of convergence involved. 

We note, the truth of such a symmetry is still equivalent to the truth of the RH, 
but in the new formulation we have found, there is the appearance of the primes 
into the critical strip by means of the Zeta function calculated outside the critical 
strip. 

The above symmetry is weaker then the stronger Riemann symmetry [6] which 
for the Xi function is given pointwise by £(s) = £(1 — s) for any complex argument 
s of the Zeta function. Our weaker symmetry connects the interval in the 

critical strip with the infinite interval ]l,oo[ outside the critical strip. The work 
will be continued with the study of new integral relations with a more general class 
of "measure" in the integration of the logarithm of the Zeta function [7] . 
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